A connected graph G is said to be k-cycle resonant if, for 1 < t < k, any t disjoint cycles in G are mutually resonant, that is, there is a perfect matching M of G such that each of the t cycles is an M-alternating cycle. In this paper, we at the first time introduce the concept of k-cycle resonant graphs, and investigate some properties of k-cycle resonant graphs. Some simple necessary and sufficient conditions for a graph to be k-cycle resonant are given. The construction of k-cycle resonant hexagonal systems are also characterized.
Introduction
In the investigation of the graphs with perfect matchings, many special classes of graphs have been introduced, such as elementary graphs, l-extendable (or matching covered) graphs, n-extendable graphs, saturated graphs, factor-critical and bicritical graphs, etc. [l-9] . The properties and constructions of these classes of graphs have been also investigated extensively. In Ref.
[l], Lovisz and Plummer summarized works on these topics.
Let G be a graph with perfect matchings. An edge of G is said to be allowed if it lies in a perfect matching of G, otherwise forbidden. A graph G is said to be elementary if its allowed edges form a connected subgraph of G. An elementary graph G is said to be 1-extendable (or matching covered) if all of its edges are allowed. In the topological theory of benzenoid hydrocarbons, mathematic chemists [lo-143 are interested in normal hexagonal systems, which just correspond to 1-extendable polyhex graphs.
A hexagonal system H is a 2-connected finite subgraph in the hexagonal lattice such that every interior face of H is bounded by a hexagon. A perfect matchings of a hexagonal system H is also called a Kekulk structure by chemists. edge e of G is said to be a fixed double (single) bond if e belongs (does not belong) to any perfect matching of G. For a 2-connected graph G, a path P in G is said to be a chain if the degree of any end vertex of P is greater than two and the degree of any middle vertex of P is equal to two in G. A chain P in a 2-connected graph G is said to be a reducible chain if G-V,(P) is 2-connected, where V,(P) is the set of middle vertices of P; otherwise irreducible. Proof. If G is not 2-connected, by Theorem 2.2 (3), G must contain cut edges. Clearly, any cut edge of G must be a fixed bond (double or single), implying that G is not elementary and 1 -extendable. If G is 2-connected, then any edge e of G is contained in a cycle of G [17] , and the cycle is a resonant cycle. So e is not a fixed bond, implying that G is 1-extendable and elementary. 0
From the above theorems and Theorem 4.1.1 in Ref.
[l], we have the following corollary. Proof. Let P be a reducible chain of G.
Since G -V,,,(p) is 2-connected, there is a cycle C in G -V,,,(p) passing through two end vertices of p. The component in G-C induced by V,(p) must be an even component, since C is resonant. So P is of odd length. 0 3. Some necessary and sufficient conditions for a graph to be k-cycle resonant Theorem 2.2(l), (2) give some necessary conditions for a graph to be k-cycle resonant. We can prove these necessary conditions are also sufficient. 
Proof.
We need only to prove the sufficiency. For k = 1, let G be bipartite, and let G -C contains no odd component for any cycle C in G.
Suppose that G is not l-cycle resonant. Then there is a cycle C* in G, such that G -C* has a component with no perfect matching, say G*. Without loss of generality, we choose G* such that G* is minimal in the above sense.
Let ul, u2, . . . . u, be the vertices on C* each of which is adjacent to a vertex in G*, and they divide C* into m edge-disjoint segments u1 -u2, u2 -Us, . . . ,
Ui-Ui+~y..e,U~U~,
Since G* is connected, there is a path P(Ui, Vi+l), starting from Vi, passing through some vertices in G*, and terminating in Ui+l. Let C' be the cycle consisting of P(ui,ui+l) and the segment u~+~--u~+~--~~~--u~ on C*. Then 1 V(P(Uiy ui+I))nV(G*)l must be an even number. Otherwise G*-V(P( Vi> 4+1)) would contain an odd component which is also an odd component of G-C', contradicting our assumption. Then G*-V,,,(P( Vi, Vi+l)) must have no perfect matching.
Otherwise, G* would have a perfect matching, a contradiction. Hence G* -V,,,(P( Vi, Vi+l)) contains a component with no perfect matching, say G**, which is also a component of G -C'. But G** is a proper subgraph of G*, contradicting the choice of G*. We now assume that the conclusion of the theorem holds for k <n. Let k=n+ 1. Then G is bipartite, and, for 1~ t 9 n + 1 and any t disjoint cycles C1, C,, . . . , C, in G; G-ui Ci contains no odd component.
If t < n, by the induction hypothesis, G is t-cycle resonant. 
k-cycle resonant hexagonal systems
A hexagonal system H is a 2-connected plane graph whose every interior face is bounded by a regular hexagon. If H contains no interior vertex, it is said to be a catacondensed hexagonal system, otherwise a pericondensed hexagonal system.
For k-cycle resonant hexagonal systems, we can give a more explicit construction characterization.
Theorem 4.1. A hexagonal system H is l-cycle resonant if and only if H is a cata-
condensed hexagonal system.
Proof.
Suppose that H is l-cycle resonant, but H not a catacondensed hexagonal system. Then in H there is a subsystem H' which is a pericondensed hexagonal system with only three hexagons. Let C be the boundary of H'. In the interior of the cycle C there is only one interior vertex of H, which is an odd component in H-C, contradicting that H is l-cycle resonant. Conversely, suppose that H is a catacondensed hexagonal system. For any cycle C in H, let H(C) be the subsystem of H whose boundary is C, and let G(C) be the graph induced by the hexagons in the exterior of C. Then H(C) and any component Hi of G(C) are also catacondensed hexagonal systems, and Hi and C have exactly one common edge. So H-C contains no odd component. Now it follows from Theorem 3.1 that H is l-cycle resonant. 0
Theorem 4.2. A hexagonal system H is 2-cycle resonant ifand only if(l) H contains at least two disjoint hexagons, and (2) H is a catacondensed hexagonal system with no chain of even length.
Proof. Suppose that H is 2-cycle resonant. By Theorems 4.1 and 2.5, H is a catacondensed hexagonal system, and any reducible chain of H is of odd length. For an irreducible chain P of H and the end vertices ui, u2 of P, there are two disjoint hexagons in H -V,,,(P), say sl, s2, such that s1 contains u1 and s2 contains u2. Since sl, s2 are mutually resonant, P -u1 -u2 is an even component in H -s1 -s2, implying that P is of odd length.
Conversely, suppose that H satisfies conditions (1) and (2) in the theorem, but H is not 2-cycle resonant. Then there are two disjoint cycles Ci, Cj such that H -CiCj contains an odd component G,-, , by Theorem 3.1. Every 2-connected component in GO is a catacondensed hexagonal system. After deleting all 2-connected components of GO, the remains contain an odd component which is a path of even length, say P'. Every end vertex of P' is just adjacent to one vertex of degree three in H. Let the two vertices of degree three are ul, u2. Then V(P')u { ul, u2} induces a chain of even length in H, contradicting our assumption. 0 
Conclusion
The present work establishes some simple necessary and sufficient conditions for a graph to be k-cycle resonant, which are a good characterization in Edmonds' sense [ 181. By using the conditions, the construction of k-cycle resonant hexagonal systems is completely characterized.
It may be interesting for chemists that, in the hexagonal systems with h hexagons obtained from a same parent hexagonal system with h-1 hexagons, k*-cycle resonant systems have greater resonance energies than l-cycle resonant systems, also l-cycle resonant systems have greater resonance energies than hexagonal systems not being l-cycle resonant. This is true for the logarithmic model [19- 211 and the Randic's conjugated circuit model [15, (see Fig. 1 and accompanying Table 1 ). One also finds that the number of cycles in a proper Clar formula [30] of a k*-cycle resonant hexagonal system is just equal to k*. For general k-cycle resonant graphs, the construction of them are more complex. We shall discuss it elsewhere.
